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M theory and the ‘‘integrating in’’ method with an antisymmetric tensor

Hodaka Oda,* Shigemitsu Tomizawa,† Norisuke Sakai,‡ and Tadakatsu Sakai§

Department of Physics, Tokyo Institute of Technology, Oh-okayama, Meguro, Tokyo 152-8551, Japan
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Recently, a nonhyperelliptic curve describing the Coulomb branch ofN52 SUSY SU(Nc) Yang-Mills
theory with antisymmetric tensor matter was proposed using the configuration of a single M theory five-brane.
We study the singular surface in the moduli space of the curve to compare it with results from the ‘‘integrating
in’’ method in field theory. In order to achieve consistency, we find it necessary to take into account an
additional superpotentialWD which has been neglected so far. The explicit form ofWD is worked out.
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PACS number~s!: 11.25.Sq, 11.30.Pb
et
ee
e
e

de
d
th
-
o

us

vid
s

n

-

rs

gu
s

l
m

he

s

ies
ps

l is
os-

en
mal
-

e-
ency
rom
ain

e-
’’
h
ing

ere
e
ain

ces-

on

is-

ith
on.

tic

on

r
pe
I. INTRODUCTION

In recent years, a deeper understanding of supersymm
~SUSY! gauge theories in various dimensions has b
gained by realizing them on the world volumes of D-bran
@1–22#. Witten @23# also pointed out that intersecting bran
configurations of type IIA string theory corresponding toN
52 SUSY gauge theories in four dimensions can be
scribed by a single M theory five-brane wrapping aroun
Riemann surface. The Riemann surface is nothing but
Seiberg-Witten curve@24# and therefore the five-brane con
figuration contains the structure of the moduli space
vacua. The M-theoretic method is also applied to disc
various aspects of SUSY gauge theories@25–41# and found
to be quite useful to understand them.

On the other hand, field-theoretic approaches also pro
us with important information on the Seiberg-Witten curve
One of them is based on the deformation toN51 SUSY.
The moduli space of theN52 SUSY vacua in the Coulomb
phase exhibits singularities where solitons such as mo
poles or dyons become massless. WhenN52 SUSY gauge
theories are broken toN51 SUSY by perturbations of tree
level superpotentials, only these singularities remain asN
51 SUSY vacua@24#. Conversely, we can tune paramete
of superpotentials inN51 SUSY Yang-Mills theories with
an adjoint matter field in order to obtainN52 SUSY Yang-
Mills theories. By this procedure, one expects that the sin
larity surfaces inN52 moduli space can be reached. Thu
by studying the low energy effective action ofN51 Yang-
Mills theory with an adjoint matter field with a tree-leve
superpotential chosen properly, we can derive some infor
tion on the singular surface of theN52 moduli spaces. In
fact, Elitzur et al. have developed a method to obtain t
singularity surfaces inN52 SUSY Yang-Mills theories by
using a single confined photon inN51 SUSY gauge theorie
@42#. In this way, the curve of theN52 SUSY theory can be
recovered by ‘‘integrating in’’@43# the adjoint matter fields
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in the N51 low energy effective theory. This ‘‘integrating
in’’ method has been extended to SUSY Yang-Mills theor
with various gauge groups including exceptional grou
@44–48#. In general, however, the effective superpotentia
not completely fixed by symmetries and holomorphy. P
sible additional terms are usually denoted asWD . In these
‘‘integrating in’’ approaches, a crucial assumption has be
made: the low-energy effective superpotential has a mini
form, namely,WD50. So far, this has provided us with con
sistent results.

Recently, Landsteiner and Lopez@32# have proposed a
nonhyperelliptic curve describing the Coulomb branch ofN
52 SUSY SU(Nc) Yang-Mills theory with antisymmetric
tensor matter from a configuration of a single M theory fiv
brane. Although the proposed curve passes some consist
checks, it seems necessary to make sure of it further f
other points of view. The purpose of this paper is to obt
the singularity surface ofN52 SUSY SU(Nc) Yang-Mills
theory with antisymmetric tensor matter by using the ‘‘int
grating in’’ method. We find that the usual ‘‘integrating in
method assumingWD50 gives a singularity surface whic
disagrees with the proposed M-theoretic curve. By assum
that the brane configuration is correct, we find that th
exists a nontrivialWD5” 0 which gives a singular surfac
consistent with the M-theoretic curve at least up to cert
high powers of the dynamical scaleL of the gauge interac-
tions. Our results can be regarded as evidence for the ne
sity of nontrivial WD .

Section II gives a brief review of the brane configurati
in M theory describingN52 SUSY SU(Nc) Yang-Mills
theory with antisymmetric tensor matter. In Sec. III, we d
cuss the singular surface of the moduli space assumingWD

50. It is shown that the singular surface is inconsistent w
the M-theoretic curve obtained from the brane configurati
In Sec. IV, we derive the explicit form ofWD5” 0 by requir-
ing consistency of the singular surface with the M-theore
curve. Section V contains a discussion.

II. BRANE CONFIGURATION

In this section we briefly review the brane configurati
in M theory describing the Coulomb branch ofN52 SUSY
SU(Nc) Yang-Mills theory with antisymmetric tensor matte
@32#. Let us first examine the brane configuration in the ty
© 1998 The American Physical Society02-1
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IIA string picture. Consider type IIA string theory in fla
space-time wherex0 denotes the time coordinate an
x1, . . . ,x9 denote the space coordinates. The brane confi
ration consists of an orientifold six-plane of charge24 with
the world-volume coordinates (x0,x1,x2,x3,x7,x8,x9),
Neveu-Schwarz~NS! 5-branes with the world-volume coor
dinates (x0,x1,x2,x3,x4,x5), and Dirichlet~D! 4-branes with
the world-volume coordinates (x0,x1,x2,x3,x6). The orienti-
fold six-plane sits atx45x55x650. This means that the
space-time should be identified under the transformation

~x4,x5,x6!→~2x4,2x5,2x6!. ~2.1!

One NS5-brane is placed on top of the orientifold six-pla
and the other NS5-brane is to the right of it. Further there
Nc D4-branes stretching in between the NS5-branes. In
left of the orientifold six-plane we have of course the mirr
image of these branes. The D4-branes have a finite exte
the x6 direction. The four-dimensionalN52 SUSY gauge
theory we discuss is defined on the world-volume coor
nates (x0,x1,x2,x3) of the D4-branes. When allNc D4-
branes coincide, the open strings connectingNc D4-branes in
the left of the orientifold six-plane give the SU(Nc) gauge
vector multiplets. The open strings connecting the left a
right D4-branes give a hypermultiplet in the antisymmet
representation of the gauge group because of the presen
the orientifold six-plane.

The brane configuration can be reinterpreted in M the
as a configuration of a single five-brane embedded in
11-dimensional space-timeR73S where S is the Atiyah-
Hitchin space@49,50#. TheR7 spans the 0123789 direction
while S spans the 456 directions in the type IIA limit an
wraps around the circle in the 11th directionx10 whose ra-
dius is denoted byR. The five-brane world volume become
R43S where R4 spans the 0123 directions whileS is a
curve embedded in the Atiyah-Hitchin spaceS whose com-
plex structure is represented asxy5L2Nc14v24, where v
5x41 ix5. For largey with x fixed, y tends tot5exp@2(x6

1ix10)/R#, while for largex with y fixed we havex;t21. In
the M-theoretic brane configuration,L represents the mas
scale corresponding to the dynamical scale of gauge inte
tion in field theory. The curveS is not hyperelliptic, contrary
to the case of theN52 SUSY QCD where matter hypermu
tiplets are only in the fundamental representations.

Since there are three NS5-branes involved, the
theoretic curve describing the brane configuration beco
cubic in y. By using symmetry underx↔y, v↔2v and
other arguments, Landsteiner and Lopez have found the
lowing curve S for the above brane configuration in M
theory, and proposed it to describeN52 SUSY SU(Nc)
Yang-Mills gauge theory with an antisymmetric tensor m
ter field @32#:

y31y2@p~v !13LNc12v22#

1yLNc12v22@q~v !13LNc12v22#1L3Nc16v2650,

~2.2!

where
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p~v !5)
i 51

Nc

~v2ai ! and q~v !5p~2v !. ~2.3!

The Nc parametersai represent the positions of the D4
branes in the type IIA string picture.

We denote byF an N51 chiral superfield in the adjoin
representation in the SU(Nc) gauge group. Together with th
N51 vector multiplet V in the adjoint representation, i
forms anN52 vector multiplet. In addition to them, we hav
antisymmetric tensor matterAi j and its conjugateÃi j , where
i , j 51,2, . . . ,Nc are color indices. Both of them are theN
51 chiral superfields and form together anN52 hypermul-
tiplet. The tree-level superpotentialWtreecontains a tree-leve
mass parameterm of the antisymmetric tensor matter:

Wtree5A2(
i , j
k, l

Ãi j ~F i
kd

j
l1d i

kF
j
l1md i

kd
j
l !A

kl.

~2.4!

The distance between the average position of the
branes on the left and the average position of the D4-bra
on the right is equal to the tree-level mass parameterm of
antisymmetric tensor matter:

m5
2

Nc
(
i 51

Nc

ai . ~2.5!

The distance between the position of each D4-brane and
average position of the D4-branes on the left correspond
the vacuum expectation value~VEV! of the diagonal elemen
f i of the adjoint matterF,

ai5
m

2
1^f i& ~ i 51, . . . ,Nc!, ~2.6!

where the VEV is denoted by angular brackets.
Rescaling and shiftingy→(y2LNc12v21)v21, the curve

~2.2! becomesf (y,v)50 where

f ~y,v ![y31y2v p~v !1yLNc12@q~v !22p~v !#

1L2Nc14v21@p~v !2q~v !#. ~2.7!

Notice thatq(v)5p(2v) and thenv21@p(v)2q(v)# has
no negative powers inv.

Although we do not know any field-theoretical method
obtain the curve for the case involving the antisymmet
tensor matter field, we can obtain rich information on t
singular surface of the curve describing the Coulomb bra
of N52 SUSY Yang-Mills gauge theories by the method
‘‘integrating in’’ @42,43#. We will here compute the singula
surface of the proposed curve, where the discriminant v
ishes. Since the antisymmetric tensor representation in
SU(3) gauge group is nothing but the antifundamental r
resentation, we shall take the SU(4) gauge group as the
plest nontrivial case. Using Maple, in order to obtain t
2-2
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discriminant of the curve for SU(4) Yang-Mills theory wit
antisymmetric matter, we calculate

)
i 51

f ~yi ,v i !, ~2.8!

where (yi ,v i) are solutions of simultaneous equations

] f

]y
~y,v !50, ~2.9!
r
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06600
] f

]v
~y,v !50. ~2.10!

To perform an explicit calculation, we take them50 case.
The discriminant1 is found to be

s3
4D2Dunphys, ~2.11!

where
D5191102976s3
2L181~21327104s4s2

415308416s2
2s4

21110592s2
628957952s3

4239813120s2s4s3
2

27077888s4
319068544s3

2s2
3!L121~417792s4

2s2
521146880s4

3s2
31139968s3

61245376s3
4s2

314096s2
9

2488448s2
4s4s3

2159904s3
2s2

612211840s4
3s3

21442368s4
2s2

2s3
2267584s4s2

711179648s4
4s2

1124416s2s4s3
4!L6227648s4

2s3
4s2

225632s4
2s3

2s2
5273728s2s4

4s3
21128s3

2s4s2
72256s4

2s2
8216s3

4s2
6

165536s2
2s4

5138912s4
3s2

3s3
217776s3

6s4s2224576s2
4s4

42729s3
812016s3

4s4s2
4113824s4

3s3
4

265536s4
62216s3

6s2
314096s4

3s2
6 , ~2.12!

Dunphys5~2s4
3127L6s3

2!. ~2.13!
s
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Heresi are the moduli parameters:

^det~x2F!&5xNc1(
i 52

Nc

xNc2 isi . ~2.14!

The factorDunphys is believed to be unphysical@32#. On the
other hand, the factors3

4 exhibits a singularity expected fo
the massless antisymmetric tensor matter field in the cla
cal limit (L→0), as can be seen from the tree-level sup
potential~2.4!:

s3
25K)

i . j
~f i1f j !L . ~2.15!

It is interesting to observe that this singularity is identical
the classical limit (L→0) even though we are not restricte
to the weak coupling case. In order to see the singula
associated with the massless gauge fields, we shall take
classical limit (L→0). Then the factorD becomes

D→K)
i . j

~f i2f j !
4L . ~2.16!

This is nothing but the classical singularity where the no
Abelian gauge symmetry is enhanced. We conclude thats3

2D
correctly reproduces the singularities in the classical limi

III. ‘‘INTEGRATING IN’’ METHOD

In this section, we analyze the singular surface in
moduli space of the Coulomb branch by using the ‘‘integr
si-
r-

ty
the

-

e
-

ing in’’ method in the field-theoretic framework. Thi
method enables us to gain information on the singular s
face in the Coulomb branch taking into account nonpert
bative quantum effects.

The N52 SUSY is broken toN51 by adding a pertur-
bationDW to the tree-levelN52 superpotentialWtree in Eq.
~2.4!:

DW5 (
k52

Nc gk

k
Tr~Fk!. ~3.1!

The classical VEV’s ofF are obtained from the classica
equations of motion,](Wtree1DW)/]F50, and similarly
for Ai j ,Ãi j . We are interested in the Coulomb branch, whe
Ai j 5Ãi j 50. After SU(Nc) rotations, the generic VEV can
be reduced toFcl5diag(M ,M ,M3 ,M4 , . . . ,MNc

), where

M5gNc21 /gNc
. In that case, the gauge group SU(Nc) is

broken to SU(2)3U(1)Nc22. The nonperturbative effect
due to the gaugino condensation of SU(2) super Yang-M
theory provides the additional superpotential

1Note that the antisymmetric representation of SU(4) is equi
lent to the defining representation of SO(6), for which the Seiberg-
Witten curve has been derived. It turns out that the discriminan
the Seiberg-Witten curve for the SO(6) with the defining repres
tation contains the factorDmassive which reduces tos3

2D in Eq.
~2.12! for the massless case.
2-3
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Wd562gNc
~LFT

Nc12G!1/2, ~3.2!

where

G5 )
p53

Nc

~M p1M1m!, ~3.3!

andLFT is the dynamical scale of the SU(Nc) gauge theory
with antisymmetric matter in field theory. TheLFT must be
proportional toL of the M theory brane configuration in th
previous section:

LFT5cL, cPC, ~3.4!

where c is a renormalization-scheme-dependent const
Following Elitzur et al. @42#, we obtain the low-energy ef
fective superpotential forN51 super Yang-Mills theory:

WL5DW@F5Fcl~gk!#1Wd1WD , ~3.5!

whereWD is a possible additional superpotential constrain
only by holomorphy and symmetry@43#.

The VEV of gauge invariants can be defined as

^uk&5 K 1

k
Tr~Fk!L , ~3.6!

which are obtained by differentiatingWL :

^uk&5
]WL

]gk
. ~3.7!

The Seiberg-Witten curve must be singular whenuk5^uk&.
The VEV’s are related to the moduli parameterssi in Eq.
~2.14! through the Newton formula

ksk52(
j 51

k

jsk2 j^uj&, ~3.8!

with s051, s150.
As a simplest explicit example, we consider the SU(

case. Then, the VEV’s and the gaugino condensation
given in terms of coupling parameters in the superpoten
as

M5z3 , ~3.9!

M352z31A2z3
22z2,

~3.10!

M452z32A2z3
22z2,

~3.11!

G5m21z3
21z2 , ~3.12!

wherez3 andz2 are complex parameters:

z3[
g3

g4
, z2[

g2

g4
. ~3.13!
06600
t.

d

)
re
al

In the remainder of the paper, we will explore the singu
surface by using the ‘‘integrating in’’ method, in order t
compare it with curve obtained from the M theory fiv
brane. First, we assumeWD50 in this section. Then we find
the VEV including quantum effects using Eq.~3.7! as

^u2&5z3
22z26LFT

3 G21/2,

^u3&52z3
312z3z262z3LFT

3 G21/2,
~3.14!

^u4&52
3

2
z3

422z3
2z21

1

2
z2

2

6~2m21z2!LFT
3 G21/2.

These relations define a codimension-1 surface in mo
space. It should correspond to the singular surface of
proposed curve~2.7! for SU(4) with antisymmetric tenso
matter, namely, the vanishing discriminant of the curve. W
will find, however, that the discriminant of the curve~2.7!
does not vanish onuk5^uk& in Eq. ~3.14! for the casem
50.

We shall now test if the discriminant vanishes for a
values of coupling parametersz3 andz2 by choosing an ap-
propriate value for the renormalization-scheme-depend
factor c in Eq. ~3.4!. We find that the factorD in the
discriminant ~2.11!, for instance, becomes, on th
codimension-1 surface~3.14! for m50,

D~uk5^uk&!521024~c624!~z3
21z2!3~5z3

21z2!6L6

1@~811c623744!z3
61~117c62768!z3

4z2

1~2327c611248!z3
2z2

21~47c62192!z2
3#

3512~z3
21z2!3/2~5z3

21z2!3c3L91O~L12!

'/ 0. ~3.15!

To be more precise, there is no complex numberc satisfying
D(uk5^uk&)[0 for any values ofz3 and z2. Therefore the
discriminant of the curve~2.7! does not vanish on the
codimension-1 surface~3.14! obtained by assumingWD50
in the ‘‘integrating in’’ method. Although we have no rigor
ous means to test the curve~2.2! obtained in M theory for
generalNc , we are confident that the curve is correct at le
for Nc54, since we have checked that the discrimina
agrees with that of SO(6) with the defining representati
Therefore we conclude that the assumptionWD50 in the
case of SU(4) theory with antisymmetric tensor matter le
us to inconsistent results and that the assumptionWD50 is
not correct.

IV. NONZERO WD

In the previous section, we found that the M theory cur
~2.7! is inconsistent with the codimension-1 surface obtain
as a candidate for the singular surface in moduli space
sumingWD50 in the ‘‘integrating in’’ method. In this sec-
tion, we discuss the possibility of nonzeroWD instead.
2-4
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We first note that, in the classical limit (L→0), the dis-
criminant of the M theory curve~2.7! vanishes on the
codimension-1 surface~3.14! obtained by assumingWD50
in the ‘‘integrating in’’ method. Equation~3.15! shows that
the discriminant of the curve vanishes on the codimensio
surface in the leading order ofL, i.e., up to orderL6, pro-
vided c654:

LFT
6 54L6, Wd564g4L3G1/2. ~4.1!

Now we wish to explore to higher orders ofL whether we
can find a nontrivialWD which provides a singular surfac
consistent with the vanishing discriminant of the curv
Since the right-hand side of Eq.~3.15! consists of terms with
integer powers ofL3, we need to introduce terms wit
L3n nPN only:

WD5 (
k52

`

Ck~L3!k. ~4.2!

Since theL3 term is given byWd , we assumek>2.
The additional superpotentialWD must satisfy the follow-

ing conditions@43#:

WD→0 as g2→` with g4L3G1/2 fixed,

WD→0 as L→0, ~4.3!

and carry charge~2, 2! under U(1)R3U(1)J .
We list below the charge and mass dimension of the

rameters:

U~1!R U~1!J Dimension

g2 22 2 1

g3 24 2 0

g4 26 2 21

z3 2 0 1

z2 4 0 2

L 2 0 1

G 4 0 2

m 2 0 1 ~4.4!

From this table, we see thatWD can be represented as

WD5g4(
k52

`

f k~z3 ,z2!L3k, ~4.5!

where f k(z3 ,z2) is any function which carries the charg
(426k,0). Note that we are discussing SU(4) Yang-Mi
theory with a massless (m50) antisymmetric tensor.

Now let us determine the lowest term ofWD in order to
make the singular surface consistent with the discriminan
the M theory curve. IfWD5W2[g4f 2(z3 ,z2)L6, then

^u2&5z3
22z262L3G21/21

1

g4

]W2

]z2
,

06600
-1

.

-

f

^u3&52z3
312z3z264z3L3G21/21

1

g4

]W2

]z3
,

~4.6!

^u4&52
3

2
z3

422z3
2z21

1

2
z2

262z2L3G21/2

2
z2

g4

]W2

]z2
2

z3

g4

]W2

]z3
1

W2

g4
.

From this, we find

D~uk5^uk&!572048~z3
21z2!3/2~5z3

21z2!6@ f 2~z3 ,z2!

3~z3
21z2!22#L91O~L12!. ~4.7!

Thus, in order forD to vanish up toL9, W2 must take the
form

W252g4~z3
21z2!21L652g4G21L6. ~4.8!

This W2, Eq. ~4.8!, satisfies the conditions~4.3! and carries
the charge~2,2!.

We can determine the next term ofWD in a similar way
and find

Wd1WD564g4L3G1/212g4L6G2172g4L9G25/2

1O~L12!. ~4.9!

Inspired by the result~4.9!, we restrict the form ofWD in
the following way:

Wd1WD5g4(
k51

`

hkG
2~L3G23/2!k, where hkPC.

~4.10!

By requiringD to vanish, we work outhk up to h8,

Wd1WD564g4L3G1/212g4L6G2172g4L9G25/2

14g4L12G247
21

2
g4L15G211/2132g4L18G27

7
429

4
g4L21G217/21384g4L24G2101O~L27!,

~4.11!

and we find that the discriminant vanishes up to the or
L27:

D~uk5^uk&!5O~L30!. ~4.12!

Although we have only determinedWD up to this order
due to the increasing complexity of computation, we belie
that the higher powers ofL can be worked out with more
effort and that the form~4.10! will come out.
2-5
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V. DISCUSSION

In this paper, we studied the singular surface of
moduli space ofN52 SUSY SU(Nc) gauge theory with
antisymmetric tensor matter from two points of view. One
to use a configuration of a single M theory five-brane and
other is based on the ‘‘integrating in’’ method. It was di
cussed that the consistency between the two results req
WDÞ0, and the explicit form of it was worked out fo
Nc54. It is interesting thatWD consists of terms with intege
powers of 6L3 corresponding to two vacua of SU(2
gaugino condensation. Using the dynamical scaleLSU(2) of
unbroken SU(2) SUSY Yang-Mills theory instead ofL, the
nonperturbative superpotential~4.10! is rewritten as

Wd1WD5g4(
k51

hkG
2S 6

LSU~2!
3

2g4G2D k

, ~5.1!

where the scale matching conditionLSU(2)
3 52g4G1/2L3 for

Nc54 is used. This fact makes us suspect that the phys
origin of WD might be understood as the gaugino conden
tion of SU(2) SUSY Yang-Mills theory.

In order to breakN52 SUSY toN51 SUSY, we added
a perturbation~3.1! to the tree-levelN52 superpotential
Wtree in the ‘‘integrating in’’ methods. Instead of this pertu
bation, we can consider another perturbation

DW5
g2

2
Tr~F2!1

g3

3
Tr~F3!

1g4F1

4
Tr~F4!2aS 1

2
Tr~F2! D 2G , aPC,

~5.2!

to the tree-levelN52 superpotentialWtree. It turns out that
for aÞ1/2 there exist classical vacua where the gauge gr
is broken to SU(2)3U(1)2 @48#. One can then calculateWD

for generica by requiring thatD50 in theuk5^uk& surface.
s.

.

ys

n

06600
e

e
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-

p

One of the most interesting results is thatWD vanishes for
a51/4 @51# while WDÞ0 for any other value ofa. This is
presumably related to the fact that the antisymmetric rep
sentation of SU(4) is equivalent to the defining represen
tion of SO(6), for which the assumptionWD50 is found to
be valid.

It is interesting to note that the ‘‘integrating in’’ method
have been applied under the assumptionWD50 @42–48#,
which provides consistent results in the Seiberg-Wit
curves that are hyperelliptic. It has been known that the n
hyperelliptic Seiberg-Witten curves for the exception
group cases are derived using the assumptionWD50
@45,48#. Contrary to these results, we have found that
assumptionWD50 is inconsistent in the case ofN52 SUSY
SU(Nc) gauge theory with antisymmetric tensor matte
whose Seiberg-Witten curve is not of hyperelliptic type@32#.
As another example of nontrivialWD , we have studied also
N52 SU(4) theory with a symmetric tensor whos
Seiberg-Witten curve is proposed in Ref.@32#. In this case,
we find that there is no complex numbera in Eq. ~5.2! to
makeWD vanish. On the other hand, we also find that f
fundamental matter,WD vanishes for any value ofa (a
Þ1/2).

Higher values ofNc may be dealt with by a similar
method with more computational effort. We expect th
WDÞ0 for SU(Nc) with an antisymmetric or symmetric rep
resentation for higher values ofNc also.
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